We analyze the quantum dynamics of the Bianchi Type IX model, as described in the so-called polymer representation of quantum mechanics, to characterize the modifications that a discrete nature in the anisotropy variables of the Universe induces on the morphology of the cosmological singularity. We first perform a semiclassical analysis, to be regarded as the zero th -order approximation of a WKB (Wentzel-Kramers-Brillouin) approximation of the quantum dynamics, and demonstrate how the features of polymer quantum mechanics are able to remove the chaotic properties of the Bianchi IX dynamics. The resulting evolution towards the cosmological singularity overlaps the one induced, in a standard Einsteinian dynamics, by the presence of a free scalar field. Then, we address the study of the full quantum dynamics of this model in the polymer representation and analyze the two cases, in which the Bianchi IX spatial curvature does not affect the wave-packet behavior, as well as the instance, for which it plays the role of an infinite potential confining the dynamics of the anisotropic variables. The main development of this analysis consists of investigating how, differently from the standard canonical quantum evolution, the high quantum number states are not preserved arbitrarily close to the cosmological singularity. This property emerges as a consequence, on one hand, of the no longer chaotic features of the classical dynamics (on which the Misner analysis is grounded), and, on the other hand, of the impossibility to remove the quantum effect due to the spatial curvature. In the polymer picture, the quantum evolution of the Bianchi IX model remains always significantly far from the semiclassical behavior, as far as both the wave-packet spread and the occupation quantum numbers are concerned. As a result, from a quantum point of view, the Mixmaster dynamics loses any predictivity characterization for the discrete nature of the Universe anisotropy.
INTRODUCTION
Even though the thermal history of the Universe is properly described by the homogeneous and isotropic Robertson-Walker cosmological model [1] , up to the very early stage of its evolution, reliably since the inflationary phase has been completed, the nature of the cosmological singularity is a general property of the Einsteinian dynamics, suggesting the necessity of relaxing the high symmetry of the geometry that characterizes the BigBang. A very valuable insight on dynamical behaviors more general than the simple isotropic case, especially in view of the classical features of the initial singularity and of its quantum ones, is offered by the Bianchi type IX model [2] - [10] , essentially for the following three reasons: i) this model is homogeneous, but its dynamics possesses the same degree of generality as any generic inhomogeneous model ii) the canonical quantization of this model can be performed via a minisuperspace approach, which reduces the asymptotic evolution near the singularity to the well-defined paradigm of the 'particle in a box' iii) the late (classical) evolution of the model is naturally reconcilied, with or without the inflation [11] [12] , to that * Electronic address: lecian@icra.it † Electronic address: giovanni.montani@frascati.enea.it ‡ Electronic address: moriconi.phys@gmail.com of a closed isotropic Universe [13] . Two years after the derivation of the Wheeler-DeWitt equation, C.W.Misner applied this canonical quantization approach to the Bianchi IX model, which, in the Hamiltonian version he had just provided (restating the oscillatory regime derived by Belinski-KhalatnikovLifshitz), constitutes a proper application.
The main result of the Misner quantum analysis of the Bianchi IX dynamics is to provide a brilliant demonstration of the phenomenon for which very high occupation numbers are preserved in the evolution towards the cosmological singularity. This result is achieved by using the chaotic properties of the classical Bianchi IX dynamics (the Mixmaster model) and by approximating the potential well, in which the Universe-particle moves, by a simple square box, instead of the equilateral triangle it indeed is.
Many subsequent studies have been pursued on such a quantum dynamics, both in the Misner variables [14] , as well as in other frameworks (as the Misner-Chitré scheme [15] , [16] ), but the original semiclassical nature of the cosmological singularity, when considered in terms of high occupation numbers, still remains the most striking prediction of the canonical quantum dynamics provided by the Mixmaster model.
In the Misner variables, the dynamical problem is reduced to a two-dimensional scheme, in which the role of the time variable is played by the Universe volume, while the two physical degrees of freedom are represented via
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the Universe anisotropies. Such a picture is elucidated by an ADM (Arnowitt-Deser-Misner [17] ) reduction of the variational principle (based on the solution of the superHamiltonian constraint), but its physical significance emerges in a very transparent way, already in the direct Hamiltonian approach to the dynamics.
Here, we address the quantum analysis of the Bianchi IX model by using the superHamiltonian constraint, which, via the Dirac prescription, leads to the WheleerDeWitt equation; this procedure is expectedly fully consistent with the Schrödinger-like dynamics following from the ADM reduction of the Dirac constraint. The new feature we introduce by the present study is the discrete nature of the anisotropic degrees of freedom, by a two-dimensional quantization approach, based on the so-called polymer representation of quantum mechanics.
The use of such a modified quantization scheme is justified by the request that a cut-off in the spatial scale, as expected at the Planckian level, would induce a corresponding discrete morphology in the configuration space. The reason for retaining the isotropic Misner variables, connected to the Universe volume, as a continuous ones, relies on the role time plays in the dynamical scheme.
This way, we discuss first the semiclassical behavior of the model, to be regarded to as the zero th -order approximation of a WKB expansion of the full quantum theory. By other words, we analyze the classical behavior of a modified Hamiltonian dynamics of the Mixmaster model, based on the prescriptions fixed by the classical limit of the new paradigm. In this respect, we remark that the typical scale of the polymer discretization is not directly related to the value of ; the classical limit for this quantity approaching zero still constitutes a modification of the Einsteinian classical dynamics. Such a semiclassical study is relevant to the interpretation of the full quantum behavior of the system, especially for the analysis of localized wave packets. The main result of this semiclassical analysis is the demonstration that the chaotic structure of the asymptotic evolution of the Bianchi IX model to the cosmological singularity is naturally removed by a dynamical mechanism very similar to the one induced on the same dynamics by the introduction of a free massless scalar field. In the limit of small values of the polymer lattice parameter, we calculate the modified reflection law for the point-Universe against the potential walls, which are due to the spatial curvature. For the general case, we provide a precise description of how the bounce against these walls is avoided and of the condition that the free-motion parameters of the model must satisfy for it to take place.
The absence of chaos in the semiclassical behavior of the polymer Mixmaster model prevents us from directly implementing the Misner procedure, which is basic to its description of the states approaching the singularity with very high occupation numbers. We are therefore lead to analyze separately two cases: one in which the potential walls can be neglected in the quantum evolution, such that we deal with free-particle wave packets, and one in which when the potential walls play the role of a 'box', in which the point-Universe is confined. In both cases, the behavior of localized wave packets is analyzed to better understand the limit up to which the Misner semiclassical feature survives in this modified approach. The main outcome we develop here is to identify how the presence of the walls is, sooner or later, relevant for the wave packets evolution, such that also the states with high occupation numbers are accordingly obliged to spread close enough to the singularity, simply because the potential box destroys their semiclassical nature. The direct comparison with the Misner result is not possible because of the semiclassical behavior of the model, but the conclusion of our analysis is otherwise very clear, because there is no chance to built up a localized state that can reach the singularity without bouncing against the potential walls. This is because the conditions to fix a direction in the configuration space, which would allow for a free motion, is indeed time dependent and is, sooner or later, violated during the evolution of the wave packets. In this scheme, there is no possibility to retain the semiclassical features in the quantum description, and we can therefore claim that the singularity of the Mixmaster Universe, as viewed in the present polymer representation, can not be described by semiclassical notion, as for the Einsteinian oscillatory regime of the expanding and contracting independent directions, and that even its quantum relic, i.e. the occurrence of high occupation numbers close to the singular point, is removed in a discrete quantum picture for the anisotropy degrees of freedom.
The relevance of this result is enforced by observing that, as investigated in [11] , an oscillatory regime cannot exist before a real classical limit of the Universe is reached. As a consequence, since a simple model for the cut-off physics is able to cancel also the memory of semiclassical features in the Planck era (as Misner argued in [26] ), we are lead to believe that the classical Mixmaster dynamics is not fully compatible with the quantum origin of the Universe, and it is indeed a classical dynamical regime reached by the system when the quantum effects are very small and the physical and configuration spaces appear as bounded by continuous domains.
A certain specific interest for the implementation of a polymer approach to the quantum dynamics of the Universe was rised by the analogy of this quantum prescription to the main issues of Loop Quantum Cosmology, which, in the Minisuperspace, essentially reduces to a polymer treatment of the Ashtekar-Barbero-Immirzi variables, as adapted to the cosmological setting [18] - [20] .
The first Loop Quantum cosmological analysis of the Bianchi IX model was provided in [21] , where it was argued the non-chaotic nature of the semiclassical dynamics. The main reason of such non-chaotic behavior of the Bianchi IX model must be determined in the discrete nature of the Universe volume and, in particular in its minimal (cut-off) value. In fact, asymptotically to the singularity, the potential walls can no longer arbitrarily growth and the point-Universe confinement is removed. This analysis was based on the so-called inverse volume corrections and properly accounts for the induced semiclassical implications of the Loop Quantum Gravity theory. Nonetheless, the considered approach is based on a regularization scheme (the so called µ 0 one) that is under revision, in order to provide a consistent reformulation of the Bianchi IX dynamics as done in [22] for the the isotropic Robertson-Walker geometry (theμ regularization scheme).
A step in this direction has be pursued in [23] , where the Loop quantum dynamics is rigorously restated by adopting theμ regularization scheme, demostrating that, under certain circumstances, the chaotic features of the Bianchi IX model are removed again. However, this result holds only when the quantum picture includes a massless scalar field, able to remove the chaoticity even on a classical Einsteinian level. The reason of this striking difference in the two result obtained in these two approaches, must be individualized in the kind of semiclassical corrections discussed in [23] . Indeed, in this analysis only the so-called Holonomy correction contributions are considered and they are unable to induce on the dynamics the basic feature of a volume cut-off scale. It is just this different type of quantum corrections adopted to construct the semiclassical limit, the reliable source of the non-generic nature of the chaoticity removal. Althought it is expected that inverse volume corrections can remove the chaotic behavior of the Bianchi IX model as in [21] , nevertheless this has not been explicitly demonstrated and it stands as a mere conjecture.
It is worth noting that a critical revision of the Loop Quantum Cosmology picture of the primordial Universe space, was presented in [24] , where the necessity of a gauge fixing in implementing the homogeneity constraint is required. A consistent quantum reformulation of the dynamics of an homogeneous model was then constructed in [25] , which allows a semiclassical limit of the theory, in close analogy to the full Loop Quantum Gravity theory.
Despite the polymer formulation of the canonical approach to the minisuperspace mimics very well some features of the Loop Quantum cosmology methodology (de facto a polymer treatment of the restricted Ashtekar-Barbero-Immirzi variables for the homogeneity constraint), however, there is a crucial difference between our result and such recent Loop-like approaches. In fact, we apply the polymer procedure to the anisotropic variables only (the real degrees of freedom of the cosmological gravitational field), leaving the Universe volume at all unaffected by the cut-off physics, in view of its time-like behavior. The removal of the chaos, discussed here, is therefore not related to the volume discretization and it is also difficult to characterize its relation with the Holonomy correction approach (studying properties of the edge morphology more than of the nodes, but non-directly reducible to the anysotropy concept). In this respect, the present result must be regarded as essentially an independent one with respect to the ones actually available in Loop quantum Cosmology. This paper is organized as follows. In Section I, we introduce the polymer representation of quantum mechanics, by a kynematical and a dynamical point of view. Then we analyze the continuum limit and conclude the Section illustrating two fundamental examples of one-dimensional systems: the polymer free particle and the particle in a box. In Section II, we review the principal (classical and quantum) features of the Mixmaster model, as studied by Misner in [26] . Section III is dedicated to the study of the polymer Mixmaster model, from a semi-classical point of view. In particular, we analyze the modified relational motion between the Universe-particle and the walls, and we derive a modified reflection law for one single bounce against the wall. In Section IV, we build up the wave packets for the case when the wave function of the Universe is related to a free polymer particle and to a polymer particle in a square box, respectively. Finally, Section V is devoted to the numerical integrations of the polymer wave packets and to the analysis on the quantum numbers related to the anisotropy. Concluding remarks complete the paper.
I. THE POLYMER REPRESENTATION OF QUANTUM MECHANICS
To apply the modified polymer approach to the Mixmaster quantum dynamics, we briefly summarize the fundamental features of this modified quantization scheme. In particular, after giving a general picture of the model, we consider the two specific cases of the free particle and of the particle in a box, which are relevant for the subseguent cosmological study.
A. Kynematical properties
The Polymer representation of quantum mechanics is a non-equivalent representation of the usual Schrödinger quantum mechanics, based on a different kind of Canonical Commutation Rules (CCR). It is a really useful tool to investigate the consequences of the hypothesis for which the phase space variables are discretized. For the definition of the kinematics of a simple onedimensional system [27] , one introduces a discrete set of kets |µ i , with µ i ∈ R and i = 1, ..., N . These vectors |µ i are taken from the Hilbert space H poly = L 2 (R b , dµ H ), i.e. the set of square-integrable functions defined on the Bohr compactification of the real line R b with a Haar measure dµ H . One chooses for them an inner product with a discrete normalization ν|µ = δ ν,µ . The state of the system is described by a generic linear combination of them
One can identify two fundamental operators in this Hilbert space: a label operator ε and a shift operator s(λ). They act on the kets as follows
To characterize our system, described by the phase space variables p and q, one assigns a discrete characterization to the variable q, and chooses to describe the wave function of the system in the so-called p-polarization. Consequently, the projection of the states on the pertinent basis vectors is
Through the introduction of two unitary operators
, one sees that the label operator is exactly the position operator, while it is not possible to define a (differential) momentum operator, as a consequence of the discontinuity for s(λ) pointed out in Eq.(2).
B. The dynamical features
For the dynamical characterization of the model, the properties of the Hamiltonian system have to be investigated. The simplest Hamiltonian describing a onedimensional particle of mass m in a potential V (q) is given by
In the p-polarization, as a consequence of the discreteness of q, it is not possible to define p as a differential operator. The standard procedure is to define a subspace H γa of H poly containing all vectors that live on the lattice of points identified by the lattice spacing a
where a has the dimensions of a length. Consequently, the basis vectors are of the form |µ n (where µ n = an), and the states are all of the form
The basic realization of the polymer quantization is to approximate the term corresponding to the non-existent operator (this case p), and to find for this approximation an appropriate and well-defined quantum operator.
The operator V is exactly the shift operator s, in both polarizations. Through this identification, it is possible to exploit the properties of s to write an approximate version of p. For p 1 a , one gets
and then the new version of p is
One can define an approximate version of
and then the new version of p 2 is
Remembering that q is a well-defined operator as in the canonical way, the approximate version of the starting Hamiltonian (4) is
The hamiltonian operator H a is a well-defined and simmetric operator belonging to H γa .
C. The continuum Limit
The polymer representation of quantum mechanics is related with Schrödinger representation can now be analyzed. Starting from a Hilbert space H poly , one needs to verify a limit operation to demonstrate that the space is isomorphic to the Hilbert space H S = L 2 (R, dq) 1 . The natural way to proceed is to start from a lattice γ 0 = {q k ∈ R|q k = ka 0 , ∀k ∈ Z} and subdivide each interval a 0 in 2 n intervals of length a n = a0 2 n . Unfortunately, this is not possible because, when densifying the lattice, the elements of H poly have a norm that tend to infinity. This is because H S and its states cannot be included in H poly . However, it is possible to realize a different procedure. From a continuous wave function, one has to find the best wave function defined on the lattice that approximates it, in the limit when the lattice becomes denser. The strategy to properly implement this approach is the introduction of a scale C n , which, in our case, is the subdivision of the real line into disjoint intervals of the form α i = [ia n , (i + 1)a n ), where the extrema of the range are the lattice points. On this level, one approximates continuous functions with constant intermediate states belonging to H S . So for, one has a whole series of effective theories, depending on the scale C n , that approximate much and much better the continuous functions and that have a well defined Hamiltonian. As in [28] , by introducing a cut-off for each Hamiltonian defined on the intervals, making the operation of coarse graining and entering a normalization factor in the internal product, one verifies that the existence of continous limit is equivalent to the description of the energy spectrum (relative to the Hamiltonian defined after the cut-off) as tending to the continuous spectrum, such that a complete set of normalized eigenfunctions exists. The space obtained this way is isomorphic to the space H S .
D. The Free Polymer particle
In this sub-section, we analize the simplest onedimensional system in the presence of a discrete structure of the space variable q, i.e. the free polymer particle [29] . When the free polymer particle problem is taken into account, the potential term in Eq. (11) is negligible. Therefore, in the p-polarization, the quantum state of the system is described by the wave function ψ(p) via the eigenvalue problem
Here, E a is an eigenvalue depending on the scale a, and one has
From Eq. (13), one sees that, for each scale a, there is a bounded and continous eigenvalue. In the limit a → 0, i.e. switching the polymer effect off, one obtains the un-
, typical for a free particle. It is easy to verify that the solution ψ(p) for the eigenvalue problem (12 has the form
where A, B are integration constants and
induces modified dispersion relation in the presence of a polymer structure. For an (inverse) Fourier transform for the eigenfunction (14) , one obtains the eigenfunction in the q-polarization ψ(q) as
The eigenfunction in the q-polarization becomes a modified wave plane, due to the dispersion relation (15) , which are valid at each scale.
E. The polymer particle in a box
In this subsection, we will analyze the dynamical features of a one-dimensional particle in a box, within the framework of the polymer representation of quantum mechanics. For a one-dimensional box (i.e. a segment) of length L = na, n ∈ N, the potential V (q) = V (na) reads
i.e. in the case of a potential limited by infinite walls. In this case, the particle behaves as a free particle within the segment, and proper boundary conditions for eigenfunction (16) have to be imposed. In particular
for which the eigenfunctions ψ(q) in the q polarization are obtained
The corresponding energy spectrum E a,n is a function of both the lattice constant a and the quantum number n, such that
In the limit a → 0 one gets the energy spectrum of the standard case.
II. THE MIXMASTER MODEL: CLASSICAL AND QUANTUM FEATURES
In this section, we provide a complete description of the most relevant achievements obtained for the dynamics of the Bianchi IX cosmological model, both in the classical and the quantum regime towards the cosmological singularity, as they are depicted in the two pioneering works [14] , [26] .
A. The classical dynamics
Homogeneous spaces are an important class of cosmological models. These spaces are characterized by the preservation of the space line element under a specific group of symmetry, and are collected in the so-called Bianchi classification [30] . The most general homogeneous model is the Bianchi IX model. As demonstrated by Belinski, Khalatnikov and Lifshitz (BKL) [31] , when a generic inhomogeneous space approaches the singularity, it behaves as an ensemble of Bianchi IX independent models in each point of space 2 . Following the Misner parametrization [14] , the line element for the Bianchi IX model is
where ω a = ω a α dx α is a set of three invariant differential forms, N (t) is the lapse function and η ab is defined as η ab = e 2α (e 2β ) ab . In the Misner picture, α expresses the isotropic volume of the universe (for α → −∞, the initial singularity is reached.), while the matrix 
where the (p α , p ± ) are the conjugated momenta to (α, β ± ) respectively, k = 8πG, and V (β ± ) is the potential term depending only on β ± , i.e. the anisotropies.
Let us execute now the ADM reduction of the dynamics [32] by solving the super Hamiltonian constraint with respect to a specific conjugated momenta and then by identifing a time-variable for the phase space. For the purposes of this investigation, we choose to solve (22) with respect to p α and identify α as a time-variable. This choice is justified because, if we choose a time gaugė α = 1 in the synchronous reference system (N (t) = 1), the isotropic volume α depends on the synchronous time t by the relation α = 1 3 ln t. Then one obtains
2 Also the Bianchi VIII as the same degree of generality but it does not admit an isotropic limit i.e. the so-called reduced Hamiltonian of our problem. From relation (24) , one recognizes that, as studied by C.W.Misner [26] , the dynamics of the Universe towards the singularity is mapped to the description of the motion of a particle that lives on a plane inside a closed domain. This way, we can study how the anisotropies β ± change with respect to the time variable α through equations of motion related to the reduced Hamiltonian
Studying the two opposite approximations of V (β ± ), i.e. far from the walls (V 0) and close to the walls (V 1 3 e −8β+ ), we can obtain the relative motion between the particle and the potential wall. It is possible to obtain, for V 0, the behavior of β ± as a function of time α via a simple integration of the first equation of motion. This way, one gets
Moreover, the anisotropy velocity of the particle far from the walls is defined as
for each value of p ± . On the other hand, the investigation on the motion of one of the equivalent sides al-low one to understand that the walls move towards the 'outer' directionou with velocity |β w | = 1 2 . The particle always collides against the wall and bounces from one to another. This chaotic dynamics is the analogue of the oscillatory regime described by BKL in [33] . It is worth noting that the regime under which V 0 corresponds to the Bianchi I case of the Bianchi classification, the so-called Kasner regime, in which the particle moves as being free and the two constraints
the presence of the Kasner indices inside the spatial metric is understood to imply a different behavior along the different directions, which define the anisotropic directions.
On the other hand, when the particle is close the wall (V 1 3 e −8β+ ), the Bianchi II model, i.e. the model descrbing one single bounce against infinite wall potential [34] , is considered. The system (25) can be studied close to a potential wall, and is possible to identify two constants of motion
These relations have been obtained for the 'vertical' potential wall in Fig.(1) ; it is however necessary to stress that the bounces against the potential walls are all equivalent as far as the dynamics of the system is concerned, as the potential walls can be obtained one from the other, by taking into account the symmetries of the model, as analyzed in [39] . A description of this regime is illustrated in Fig.(1) . The anisotropies can be parameterized as functions of both the incidence angle and of the reflection one, θ i and θ f , respectively. This way,
The relations (30) are used to obtain a reflection law for a generic single bounce
However, there is a maximum angle θ max after which no bounce occurs. For the occurrence of a bounce, the longitudinal component of the velocity β + must be greater than the wall velocity β w . This condition is expressed as
As a result, the particle,sooner or later, will assume all the possible directions, regardless of the initial condition. Following the convenience choice used by C.W. Misner in [26] , and taking advantage of the geometric properties of this scheme, in the limit close to the singularity (α → −∞) one finds a conservation law of the form
For two successive bounces (the i-th and the (i + 1)-th of the sequence), α i expresses the time at which the i-th bounce occurs and H i ADM the value of reduced Hamiltonian (24) just before the i-th bounce: relation (34) states that
In other words, the quantity H ADM α acquires the same costant value as just before each bounce towards the singularity.
B. The quantum behavior
The canonical quantization of the system consists of the commutation relations
which are satisfied for p a = −i ∂ ∂qa = −i∂ a where a, b = α, β + , β − . By replacing the canonical variables with the corresponding operators, the quantum behavior of the Universe is given by the quantum version of the superhamiltonian constrain (22), i.e. the Wheeler-deWitt equation(WDW) for the Bianchi IX model
where Ψ(α, β ± ) is the wave function of the Universe which provides information about the physical state of the Universe. A solution of Eq.(37) can be looked for in the form
The adiabatic approximation consists in requiring that the α-evolution be principally contained in the χ n (α) co-efficients, while the functions φ n (α, β) depend on α parametrically only. The adiabatic approximation is therefore expressed by the condition
By applying condition (39), the WDW Eq.(37) reduces to an eigenvalue problem related to the reduced hamiltonian
However, even without finding the exact expression of the eigenfunctions, one may gain important information about the system from a quantum point of view near the initial singularity. From Fig.(1) , one can see how the potential (23) can be modelized as an infinitely steep potential well with a triangular base. In [26] , the strong hypothesis to replace the triangular box with a squared box having the same area L 2 is proposed. This way, the probelm describing a two-dimensional particle in a squared box with infinite walls is recovered. In this case, the eigenvalue problem becomes
where m, n ∈ N are the quantum numbers associated to (β + , β − ). By a direct calculation, we can derive L 2 (α) = 3 √ 3 4 α 2 , such that the eigenvalue is
As demonstrated in [35] , substituting the eigenvalue expression (42) in the Eq.(37), the self-consistence of adiabatic approximation is ensured. Let us use (42) with (34) to estimate the quantum numbers behavior towards the singularity. One can see in Eq.(42) that the eigenvalue spectrum is unlimited from above, such that, for sufficiently high occupation numbers, the replacing H ADM E n,m is a good approximation. This way, for α → −∞, Eq.(34) becomes
Being the current state of the Universe anisotropy characterized by a classical nature, i.e. √ m 2 + n 2 >> 1, we can say, by Eq.(43), that this quantity is constant approaching the singularity. This way, the quantum state of the Universe related to the anisotropies remains classical for all the backwards history until the singularity.
III. SEMICLASSICAL POLYMER APPROACH TO THE MIXMASTER MODEL
The aim of the present Section is to discuss how to apply the polymer approach of Sec.I to the Bianchi IX model at a semiclassical level and to verify if and how the nature of the cosmological singularity is modified. Here, "semiclassical" means that we are working with a modified super Hamiltonian constraint obtained as the lowest order term of a WKB expansion for → 0. At this level, the modified theory is subject to a deterministic dynamics. Following the procedure in Sec.I B, one can choose, with a precise physical interpretation, to define the anisotropies of the Universe (β + , β − ) as discrete variables leaving the characterization of the isotropic variable α unchanged, which here plays the role of time. This procedure formally consists in the replacement
The superhamiltonian constraint (22) becomes
(45) We define −p α ≡ H poly as the reduced Hamiltonian, such that one gets
Starting from the new hamiltonian formulation (46), we can get the following set of the hamiltonian equations as
This modification leaves the potential V (β ± ) and the isotropic variable α unchanged. Therefore, even in the modified theory, the walls move in the 'outer' direction with velocity |β w | = 1 2 and the initial singularity is not expected to be removed. Let us start by analyzing the system far from the wall, i.e. with V 0. As one can see in (47) when V 0, the anisotropy velocity is modified if compared to the standard case. In particular, the behavior of β ± is proportional to the time α, as in the standard theory, but with a different coefficient, i.e.
In particular, by the definition of the anisotropy velocity, Eq. (27) , one obtains
It is worth noting that r(a, p ± ) is a bounded function (r ∈ [0, 1]) of parameters that remains constant between one bounce and the following one. From Eq.(48), we have a Bianchi I model modified by the polymer substitution. As a consequence of this feature, also in the modified theory, the anisotropies behaves respect to α in a proportional way. The first important semiclassical result is the relative motion between wall and particle. From (49), one can observe the existence of allowed values of (ap + , ap − ), such that the particle velocity is smaller than the wall velocity β w . Therefore, the condition for a bounce is
It means that the infinite sequence of bounces against the walls, typical of the Mixmaster Model, takes place until condition (50) is valid. When r < 1 2 , the particle becomes slower than the potential wall and reaches the singularity without no other bounces. This feature is confirmed by the analysis on the Kasner relations (28) . The first Kasner relation is still valid in the deformed approach, because the sum of the Kasner indices is linked by the Misner variables just trough the isotropic variable α. Instead, the second Kasner relation is directly related to the anisotropy velocity [34] and it results modified into
where q 2 = 2 3 (1 − r 2 ). We introduce q 2 in (51) because 2 3 (1 − r 2 ) ≥ 0 for any values of (ap + , ap − ). The introduction of the polymer structure for the anisotropies acts the same way as a massless scalar field in Bianchi IX model [36] , [37] . For this reason, we can choose to describe the Kasner indices with the same parametrization due to Belinski and Khalatnikov in [38] . It is realized through the introduction of two parameters (u, q) 3 and it allows to represent the all possible values of the Kasner indices.
One gets
Here, −1 < u < +1 and − . When it happens, remembering that the spatial Kasner metric is dl 2 = t 2p1 dx 1 + t 2p2 dx 2 + t 2p3 dx 3 , the distances contract along all the spatial direction approaching the singularity (t → 0). It means that the system behaves as a stable Kasner regime and the oscillatory regime is suppressed. Furthemore, the relation (35) remains valid until r < 1 2 or rather when the particle become slower than the potential wall. When it happens, approching the singularity, α → −∞ while H poly remains costant without changes. In this sense, when the outgoing momenta configuration of the j-th bounce is such that r < 1 2 , the quantity H j poly α j is no longer a constant of motion. As in the standard case, we can introduce a parametrization for the particle velocity components, before and after a single bounce
where (θ i , θ f ) are the incidence and the reflection angles and (r i , r f ) are the anisotropy velocities before and after the bounce. Eq. (33) states the existence of a maximum angle θ max = π 3 for a bounce to occur. In the modified model, the condition for a bounce to take place is
(54) The new maximum angle θ poly max coincides with θ max just for r = 1, i.e. when the standard case is restored (Fig.  (2) ). The last semiclassical result is the modified reflection law for a single bounce: as in the standard case, we can identify two constants of motion by studying the max as a function of r. In the r → 1 limit, the standard case is restored. This treatment make sense only for a configuration in which the particle velocity is higher than walls velocity, i.e. for r > 1 2 . system near the potential wall. In particular, one has
The expression of p + as function of β can be obtained from (47): Now we express r and H poly as functions of a, p + , p − :
(58)
To perform a direct comparison with the standard case, a Taylor expansion up to second order for ap ± << 1 for Eq.(58) is needed. This way, after standard manipulation, the reflection law rewrites
We obtain for ap ± << 1 a modified reflection law that, differently from the standard case, depends on two parameters (R, θ). Obviously, in the limit ap ± → 0, i.e. switching off the polymer modification, the standard reflection law (32) is recovered.
IV. POLYMER APPROACH TO THE QUANTUM MIXMASTER MODEL
We now analyze the quantum properties of the polymer Mixmaster model. As in Sec.II B, one searches a solution for the wave function of the form
In this case, one can choose to describe the χ(α) component of the wave function in the q-polarization and the ψ(α, p ± ) component of the wave function in the ppolarization. As in the semiclassical model, we choose to discretized the anisotropies (β + , β − ) leaving unchanged the characterization of the isotropic variable α. Therefore, as in Sec.I, one applies the formal substitution p 
The conservation of quantum numbers associated to the anisotropies, as obtained by C.W.Misner in the standard quantum theory (see Eq. (43)), is essentially based on a fundamental propriety of the Mixmaster Model: the presence of chaos. Nevertheless, as in Sec.III, the chaos is removed for discretized anisotropies of the Universe. This way, one cannot obtain for the modified theory a conservation law towards the singularity as in the standard case. For a quantum description, the polymer wavepackets for the theory are needed. By a semiclassical analysis of the relational motion between the wall and the particle, as in Sec.III, the polymer modification implies for the particle different condition for the reach of the potential wall. This way, it behaves as a free particle (no potential case V = 0) or as a particle in a box (infinitely steep potential well case). In this Section, we make use of the the adiabatic approximation (39) as in the standard case. Following the same procedure of Sec.II B, the polymer WDW equation reduces to an eigenvalue problem associated to the ADM Hamiltonian.
A. The free motion
In the free particle case, the potential term V (β ± ) is negligible in the WDW equation. As in Sec.II B, condition (39) is applied to Eq.(62), and the following freeparticle eigenvalue problem is obtained
From the structure of the eigenvalue problem (63), one can write H 2 poly = H 2 + + H 2 − . As a consequence, it is possible to describe the anisotropic wave function as
. This way, one obtains the two independent eigenvalue problems
where
. These eigenvalue problems can be treated as in Sec.I D and, by a similar procedure, one can easily verify that the momentum wave functions ψ + (p) and ψ − (p) have the form
where A, B, C, D are integration constants and p
From Eq.'s (64), the eigenvalue k 2 is given by
i.e. a bounded and continous eigenvalue is found. Now one can obtain ψ(β ± ) by performing a Fourier trasform for ψ(
where C 1 = AC, C 2 = AD, C 3 = BC, C 4 = BD. We are now able to build up the polymer wave packet for the wave function of the Universe. We choose to integrate the packet on the energies k + , k − . As a consequence of the modified dispersion relations (66), the energies eigenvalues k + , k − can only take values within the interval
. Therefore, we have
is a Gaussian weighting function, σ 2 ± are the variances along the two directions (β + ,β − ) and k 0 ± are the energies eigenvalues around which we build up the wave packet. Let us note from Eq.(69) that the polymer structure modifies the standard wave packet related to the plane wave in terms of the anisotropies component as a consequence of Eq.'s(66), i.e. the modified dispersion relations. The shape for the isotropic component of the wave function in the free particle case is χ(α) = e
This shape is a solution of the WDW equation ∂ 2 χ(α) + k 2 χ(α) = 0 obtained by the application of the adiabatic approximation (39) . Furthermore, the selfconsistence of this approximation is ensured.
B. Particle in a box
We analyze the problem of a particle in a box according to the Misner hypothesys about the substitution of the triangular box by a square domain having the same area L 2 , as in Sec.II B. Furthermore, following the semiclassical results in Sec.III, one takes into account the outside wall velocity defining the side of square box L as
where L 0 is the side of the square box when α = 0. Proceding in the same way as in Sec.I E, the potential has the well-known form We can obtain a solution for ψ(β ± ) in the same way of Sec.IV A, recalling that the potential form (71) implies this kind of boundary conditions for ψ(β ± ) along the two directions
When one applies the conditions (72) separately along the two directions (β + , β − ), one obtains
This way, ψ(β ± ) is the product of the two separate wave functions ψ + (β + ) and ψ − (β − ). Thus, one gets
where A, B are integration constants and (n, m) ∈ Z are quantum numbers associated anisotropy degrees of freedom. Due to the presence of the integers quantum numbers (n, m), a bounded and discrete eigenvalue spectrum
is obtained. As in the free particle case, one builds the polymer wave packet. However, in this case, one cannot integrate on a limited domain of energies k ± , and a sum over all quantum numbers n, m between −∞ and ∞ i necessary. This way,
where B(n, m) = e
is a Gaussian weighting function and n * , m * are the quantum numbers around which we build up the wave packet. Let us note that, differently from the free particle case, the presence of the polymer structure modifies the standard wave packet related to a particle in a box in terms of the isotropic components. It happens because, in the wave packet (76), the energies k ± are expressd through (n, m), namely the quantum numbers associated to the anisotropies. 
V. NUMERICAL ANALYSIS OF POLYMER WAVE PACKETS
We dedicate this section to the discussion of the polymer wave packet for the Mixmaster towards the cosmological singularity. Both in the case of a free particle (69) and in the one of a particle in a box (76), it is not possible to perform an analytic integration for the wave packets. This way, in order to obtain the quantum behavior of the wave packets near the cosmological singularity, we evaluate them via numerical integrations.
A. behavior of the free particle
In the case of a free particle, we perform the numerical integration choosing the parameters which select semiclassical initial conditions concerning a particle with velocity smaller than the wall one (r < 1 2 ). One appreciates, in the first row of the Fig.(3) , the behavior towards the singularity (formally for |α| → ∞) of the absolute value of the wave packet |Ψ(α, β ± )| in Eq. (69) while, in the second row, the behavior towards the singularity of the full width at half maximum width. It is interesting to study the evolution of β m ± , i.e. the wave packet maximum position. This way, we can see which trajectory the wave packet follows towards the singularity. As we can see in the first graph in Fig.(4) , the behavior of the maximum position is completely overlapping the semiclassical trajectory selected by our choice of the initial conditions. In this sense, the polymer wave packet follows the semiclassical trajectory until the singularity. This feature is not undermined by the spread d of the wave packet, i.e. the delocalization of the wave packet, as expressed by the distance between the maximum position of the wave packet and the edge of the region identified by the full width at half maximum. Obviously, one expects that the spread velocity is really smaller than the wall velocity. Otherwise, it would be possible for that the wave packet to reach the potential wall. In that case, the description of the quantum system with the wave packets for the free particle would not be correct. The second FIG. 5: "(Color online)". The evolution of the polymer wave packet |Ψ(α, β ± )|(the first row) and its full width at half maximum (the second row) for the particle in a box case respectively for |α| = 0, 20, 200. The numerical integration is done for this choice of parameters: a = 0.014, n * = m * = 3000, σ + = σ − = 50, L 0 = 52. They select an initial condition of a particle inside a square box with velocity smaller than the wall velocity. This time, the particular choice of the parameters (a, σ ± , L 0 ) it is done because this way the condition a << L(α) σ ± is valid. It concerns the condition that the typical polymer scale a is very smaller than L(α) σ ± , i.e. the correct dimensional quantity related with the width of the wave packet. graph in Fig.(4) represents the spread evolution, and we can see it follows a linear behavior (solid line) with a slope much smaller than |β w | = 1 2 , i.e. the one related to the behavior of the wall position (dashed line). This assures that the quantum representation of the system near the singularity for the free particle case is well described by the wave packet representation.
B. behavior of the Particle in a box
The numerical integration related to the polymer wave packet (76) has to face a significant technical difficulty. As a consequence of Eq.(75), the conjugated momenta p ± turn into a discretized variables. Therefore, we select for the particle in a box the initial semiclassical condition considering the substitution
It is worth noting that the initial condition of the particle depends on α, such that one deals with a time-dependent condition. In this subsection, the influence of quantum numbers n, m on the dynamics is investigated. For this reason, one introduces six data sets with different values of quantum numbers (n * , m * ) and box side L 0
They select the same initial condition of a particle slower than potential wall (r <   1 2 ) and we show in Fig.(5) the evolution of |Ψ(α, β ± )| and its full width at half maximum for the first data set. As in the free particle case, the wave packet spreads with α, i.e. it delocalizes un- |α|. As in the free particle case, the spread evolution follows a linear trend for all data sets and the slopes are really smaller than the one related to the trend of the wall position.
til it disappears in a finite α time. The real difference between free particle case and particle in a box case is the trajectory followed by the wave packet. If we study the evolution of the wave packet maximum position β m ± for the all data sets, we observe that the wave packet trajectories move away from the polymer semiclassical trajectory identified by the initial condition, as we can see in the first graph of Fig.(6) . The separation from the polymer semiclassical trajectory depends on the quantum numbers n * , m * . In particular, the larger n * , m * , the longer the semiclassical trajectory is followed. Anyway, no matter how large they are, in a finite time α, the wave packetstops following the semiclassical trajectory, is directed to the potential wall and reaches it. As in Fig.(7) , this behavior is repeated for every unexpected bounce against the wall. This way, it is not possible to chose an initial semiclassical state (i.e. large n * , m * ) conserved until the singularity. This result is opposite respect the one in Eq. (34) , where in the standard theory 
They respectively select a particle with initial velocity r < 1 2 and with r > 1 2 . The first one is related to a particle in a box which semiclassically cannot reach the potential wall, while the second one is related to a particle in a box which semiclassically reaches the potential wall. For our purposes, we take two data sets with same values of a, σ ± , L 0 but with different n * and m * .
In Fig.(8) , the evolution of the distance d between the wave packet maximum position and the potential wall in the two cases towards the singularity is described. When the first one is still traveling, the second one has already bounced on the wall and it is travelling again. The red (light grey) points indicate the (expected) velocity change due to the dynamical initial condition (78). Finally, it is interesting to study the spread for the two wave pckets near the potential wall. In Fig.(9) , the two wave packets and the full width at half maximum are sketched. Since the first wave packet should not reach the wall, one would expect a high rate of delocalization near the wall. Instead, as from the second line in Fig.(9) , the two wave packets near the potential wall have a comparable delocalization. Thus, we can conclude that, when the potential is taken into account as an infinite well, any notion of a free semiclassical wave packet is lost. . The black points represent the evolution of the distance d between the wave packet maximum position and the potential wall for r > 
VI. CONCLUDING REMARKS
The Mixmaster model, interpreted as the most general dynamics allowed by the homogeneity constraint, constitutes a valuable prototype of the behavior of a generic inhomogeneous model near the cosmological singularity, when referred to sufficiently small space regions, having roughly the causal size.
Therefore, the characterization of its classical and quantum dynamics has a very relevant value in understanding the general features of the Universe birth.
The present work is aimed at generalizing [26] , in which the classical Mixmaster Hamiltonian dynamics is reduced to the motion of a two-dimensional point-particle in a closed triangular-like potential and the corresponding quantum behavior is reconducted to the one of a pointparticle in a box. The main result of the classical picture is the neverending bouncing of the particle against the potential walls (resulting into a chaotic evolution), while, in the quantum regime, the surprising feature emerges, of states having very high occupation numbers which can approach the initial singularity.
This generalization is the reformulation of the quantum Mixmaster dynamics in the polymer quantum approach. We have applied this procedure to the physical degrees only, i.e. the Universe anisotropies, while the Universe volume has been kept in its standard interpretation as a time variable for the system evolution.
The semi-classical behavior of the Mixmaster model, i.e. the classical modified dynamics by means of the polymer features, results as chaos-free, in formal analogy with the case in which a massless scalar field is introduced in the Einsteinian dynamics. As a consequence, the quantum regime loses its property to admit very high occupation numbers asimptotically to the singularity. Actually, we demonstrated that the absence of a chaotic behavior prevents to construct the classical constant of the motion that Misner used to infer the quantum properties for high occupation numbers. Thus, the most impressive property of the quantum Mixmaster, i.e. its "classicality" across the Planckian era, is no longer well-grounded.
In the polymer framework, such impossibility to recover a quasi-classical behavior near the singularity, is enforced by noting that it is impossible to construct wavepackets peaked around the classical trajectoreies that do not impact against the potential. Such packets can follow the classical trajectory for a finite time interval, after which the bounce of the wave packet against the potential walls takes place. We showed that this fact is a direct consequence of the time dependence of the potential well, resulting in a condition on the free motion of the wave packets which is correspondingly time dependent and, soon or later, is violated.
